Collection of HW Questions

Chap 1: Mathematical Premiminaries

1.2
3.

11.

17.

1.3
7.

Suppose p* must approximate p with relative error at most 10~°. Find the largest interval in
which p* must lie for each value of p.
a. 150 b. 900 c. 1500 d. 90

Let
XCOSX —sinx
x —sinx

flx)=
a. Findlim, g f(x).
b.  Use four-digit rounding arithmetic to evaluate f(0.1).

c.  Replace each trigonometric function with its third Maclaurin polynomial, and repeat part

(b).
d. The actual value is £(0.1) = —1,99899998. Find the relative error for the values obtained

in paxts (b} and (c).

Suppose two poiats (xg, yo) and (x;, y;) are on a straight line with y; # yo. Two formulas are
available to find the x-intercept of the line:

o Bon X X = xg— (xl—xu)y{l_
h—» Y1 — Yo

b. Use the data (xg, yo) = (1.31. 3.24) and (x;, v1) = (1.93, 4.76) and three-digit rounding
arithmetic to compute the x-intercept both ways. Which method is better and why?

Find the rates of convergence of the following functions as A — 0.

i 1- h
a lim S0A b lim——2" —
0 h A0 h
. hmsnﬁt—»‘:cosk:0 a 11,ml---e"=_1
h=+0 h h—0



Chap 2: Solutions of Equations in One Variable

2.1

13. Use Theorem 2.1 to find a bound for the number of iterations needed to achieve an approxi-
mation with accuracy 10~ to the solution of x> — x — 1 = 0 lying in the interval {1, 2). Find
an approximation to the root with this degree of accuracy.

Theorem 2.1 Suppose that f € C[a, b] and f(a)- f(b) < 0: The Biscction method generates a sequence
{px)2, approximating a zero p of f with

b—
lpn~p|£2—,,a, when n > 1, -

15. Let {p,} be the sequence defined by p, = Y ;_, t. Show that {p,) diverges even though
limn-—bm(pn - Prz—l) ={.

2.2

3. The following four methods are proposed to compute 212, Rank them in order, based on their
apparent speed of convergence, assoming po = 1.

20pp-1 +21/p2 Py —21
a p,= 21 b. Pn=Pu-|'"—§';;-5:"*
4 172
Pay— 21 Py ( 21 )
€ Pn=pPpoy— —— d =
" i P:—l —-21 " Pn-1

19. a. Use Theorem 2.3 to show that the sequence defined by

I i
Xp = —Xp-1 + , forn =1,
2 Xn—1

converges to 4/2 whenever xg > +/2.

b, Use the fact that 0 < (xp — +/2)° whenever xy £ +/2 to show that if 0 < xy < +/2, then
Xy > '\/i

c.  Use the results of parts (a) and (b) to show that the sequence in (a) converges to /2
whenever xg > 0.

Theorem 2.3 (Fixed-Point Theorem)
Let g € Cl[a, b] be such that g(x) € [a, b), for all x in [a, b]. Suppose, in addition, that g
exists on (@, &) and that a constant 0 < k < 1 exists with

1g'(x)] <k, forallx € (a,b).
Then, for any number py in [a, b], the sequence defined by
Pn=8(Pn-1), n=1,

converges to the unique fixed point p in {a, &].




2.4
11. The iterative method to solve f(x) = 0, given by the fixed-point method g(x) = x, where

flpat)  f(Pa-) [f(pn-o T
- )= Ppoy — - , form=1,2,3.....

Pr =8P = P T S T 2 pee) L Pu)

has 2'{p) = g"{p) = 0. This will generally yield cubic (@ = 3) convergence. Ixpand the

analysis of Example | to compare quadratic and cubic convergence.

¥: Example 1 fE€4t P,

Chap 3: Interpolation and Polynomial Approximation
3.1

§.  Use Neville’s method to approximate /3 with the function f{x) =37 and (he values xy = —2,
==, x=0x=1,and x4, = 2.

17. Suppose you need to construct eight-decimal-place tables for the common, or base-10, ioga-
rithm function from x = 1to x = 10 in such a way that linear interpolation is accurate to
within 1074, Determine a bound for the step size for this table. What choice of step size would
you make to ensure that x = 10 is included in the table?

3.2

5. a. Approximate f(0.05) using the following data and the Newton forward divided-
difference formula:

x |00 02 |04 06 | 0.8
£x) | 1.00000 { 122140 | 1.49182 | 1.82212 | 2.22554

b. Use the Newton backward divided-difference formula to approximate f(0.65).

13. Fora functon f, the forward divided differences are given by

xp=10.0 Flxol
ft—xOr xl]

X = 0.4 f[‘tl] f[x& X1+ xZ] = %
flxy, x2] =10

xy = 0.7 flx:1=6

Determine the missing entries in the table.



3.3

7. A car traveling along a straight road is clocked at a number of points. The data from the
observations are given in the following table, where the time is in seconds, the distance is in
feet, and the speed is in feet per second.

Time 0 3 5 8 13
Distance | O | 225 | 383 | 623 | 993
Speed 75 71 80 4| 72

a. Use a Hermite polynomial to predict the position of the car and its speed when 1 = 10s.
b.  Use the derivative of the Hermite polynomial to determine whether the car ever exceeds
a 55 mi/h speed limit on the road. If so, what is the first time the car exceeds this speed?

¢. What is the predicted maximum speed for the car?

3.4
9. A natural cubic sphne S is defined by
S(v) Solx) =1+ B(x —1)=—D(x — 1), il =x 2
QA =
Six)=1+b(x—2)—3(x -2 +dix-2)°. f2=x=3.

if § interpolates the data (1, 1), (2, 1}, and (3, 0), find B, D, &, and 4.

17.  Given the partition xg = 0, x; = 0.05, and x; = 0.1 of [0,0.1], find the piecewise lincar
interpolating function F for f(x) = ¥, Approximate [y ¢** dx with _fom F(x) dx, and
compare the results to the actual value.

Chap 4: Numerical Differentiation and Integration

4.1

7. Use the following data and the knowledge that the first five derivatives of f are bounded on
[1,5] by 2, 3, 6, 12 and 23, respectively, to approximate f'(3) as accurately as possible. Find
a bound for the error.
x | 1 | 2 "3 | 4 I' 5
fa) | 24142 | 26734 | 2.8974 | 30976 | 3.2804

13. Let f(x) = cosmx. Use Eqg. (4.9) and the values of f(x) at x = 0.25, (1.5, and 0.75 to
approximate f"(0.5). Compare this resull to the exact value and to the approximation found in
Exercise 11 of Section 3.4. Explain why this method is particularly accurate for this probleni,
and find a bound for the error.



hZ
£ (x0) = %[f(-lo — k) = 2f(x0) + flxg+ 1)) — Tz’fm(“' (4.9

11. Construct a free cubic spline to appreximate f{x) = cosxx by using the values given by
fx}atx =0,0.25,0.5,0.75, and 1.0. Integrate the spline over [0, 1], and compare the result
to f; costx dx = 0. Use the derivatives of the spline 1o approximate f'{0.5) and f"(0.5).
Compare these approximations to the actual values.

4.3

7. The Trapezoidal rule applied to foz f{x) dx gives the value 4. and Simpson’s rule gives the
value 2. What is f(1)?

Y

9.  Find the degree of precision of the quadrature formula

g fxydz=f (—yg) + f(?)

11. The quadrature formula f_'l fydx = ey f(—D+c1 f{0)+ec2 7 (1) 15 exact for all polynomials
of degree less than or equal to 2. Determine ¢y, ¢;, and ¢».

13.  Find the constants cq, ¢, and x; so that the quadrature fonmula

]
f f(x} dx = o f(0) + clf{xl}
0
bas the highest possible degree of precision.
4.4
7.  Determine the values of n and 4 required to approximate

)
f e> sin3x dx
0

to within 1074,
a. Use the Composite Trapezoidal rule,
b. Use the Composite Simpson’s rule.



4.7

1. Approximate the following integrals using Gaunssian quadraturc with n = 2, and compare your
results to the exact values of the integrals.

15 1
a. f x*Inx dx b. f xte ™ dx
] 1]

0.25 2 wfd
C. f dx d. f x2sinx dx
0o x1—4 0
wi4 1.6
e. f e sin 2x dx f. f 2 dx
0 y x?—4
15 x

mid
g k. f (cosx)’ dx
0

dx
1 x?—4

5. Determine constants a, b, c, and 4 that will produce a quadrature formula

H
nfﬂna=#&n+wm+d%ﬂ+wu}
~3

that has degree of precision 3.

Chap 5: Initial-Value Problems for Ordinary Differential
Equations

5.3

5. Given the initial-value problem
' 2 2zt
y =Zy+re, l<r<2, y(1)=0,

with exact solution y(¢) = t*(e' — &):
a. Use Taylor’s method of order two with & = (0.1 to approximate the solution, and compare
1t with the actual values of y.

b. Use the answers generated in part (a) and linear interpolation to approximate y at the
following values, and compare them to the actual vatues of y.

i y(1.04) il * y(1.55) . y(1.97)



5.4

1. Use the Modified Euler method to approximate the solutions to each of the following initial-
value problems, and compare the results to the actual values.

a. ¥y =t —2y, 0=t =<1, y® =0 withhk = 0.5; actual solution y(t) =
_}reSr _ _zsl_e:u + %e-m_

b. ¥y =1+0—yP 2<t<3, y2)=1, withh =0.5; actual solution y(¢) = f+-1-1:;-

e ¥y =1+y/t, 1<t=2 y(1) =2 withh =0.25; actual solution y(¢) = Inr+2s.

d. y = cos2t +sin3t, 0 <t <1, y0) = 1, with b = 0.25; actual solution
y(r) = 1 sin2¢ — L cos3r + 3.

18.  Rcpeat Exercise 1 using the Runge-Kutta method of order four.

13.  Show that the Midpoint method, the Modified Euler method, and Heun's method give the same
approximations to the initial-value problem

Y=—y+t+1, 0=r=<l, yO=1,

for any choice of A, Why is this true?

5.6
10. Derive Eq. (5.33) by the following method. Set
Y{t) = y(0) +ahf(t, y(@)) +bhf (i1, y(t,1)) + chf (13, y(1,22)).

Expand y(f,41), f{z-2, y(t:-2)), and f(r;_;, y(;_;)) in Taylor series about (1, ¥(z,)). and
equate the coefficients of i, A2 and 4 to obtain a, b, and ¢.

Adams-Bashforth Three-Step Explicit Method:
Wy =, uwy =, W = o,
h
Wiy = w; + E[Bf(h', wi) = 16f (1, wic)) +5f Uiz, wi-2)],  (5.33)

wherei = 2,3,..., N — 1. The local truncation error is ;4.1 (h) = 3y (u; )4, for some
i € (T2, tiv1).

5.9

5. Repeat Exercise 2 using the algorithm developed in Exercise 3.

2. Use the Runge-Kutta for Systems Algorithm to approximate the solutions of the following
higher-order differential equations, and compare the results to the actual solutions.
a Y =2y+y=1 -1, 0<r<1 v =y®=0 withh=01; actual
solution y(r) = 1rie’ —ze' +2¢' —1r — 2.




b 2y =2y +2y = Clne, 1<t <2 yl) =1, ¥(1) =0, withh = 0.l;
actual solution y(r) = Tt + 1£°Int - %r“.
& Y'H2"—y ~2y=¢€, 0z2:<3 yO =1 yO®=2 (0 =0, with

i =0.2, actoal solution y{t) = %‘ée' + qle"' — ge‘z' + E'Ie'.

d -2y 3y — 4y = 5% +9, 1 =1 <2 yl)=0 ¥ =
1, ¥(1)=3,with# =0.1; actual solution y(¢) = —¢* + tcos{in) + ¢ sin(In#) +
*Inz.
3. Change the Adams Fourth-Order Predictor-Corrector Algorithm to obtain approximate solu-
tions to systems of first-order equatians.

5.10
7. Investigate stability for the difference method

w, 4 = —dw, + 5w,y + 2R f (6, w,) +2hf {8y, w1,

fori =1.2,..., N — 1, with starting values wp, w;.

Chap 6: Direct Methods for Solving Linear Systems

6.1

8. Gauss-Jordan Method: This method is described as follows. Use the ith equaticn to elimi-
nate not only x; from the equations E;,, E;,3. ... , E,, as was done in the Gaussian elimina-
tion method, but also from £, E;, ..., £;_;. Upon reducing [4, b] to:

(1) . (1 7
ag 0 0 oay,,
(2} . . . 2
0 ay : N T
: 0 :
(n) (n)
L 0 0 ann . an,n-r»l

the solution is obtained by setting

(i)
“:.n-‘-]

X =
0ot
a;

forcachz = 1.2, ..., n. This procedure circumvents the backward substitution n the Gaus-
sian elimination. Construct an algorithm for the Gauss-Jordan procedure patterned after that
of Algonthm 6.1.



11.

6.5

6.6
17.

Show that the Gauss-Jordan method requires

n’ . R Ca s
5 4 — E multiplications/divisions
and
noon » X
— — — additions/subtracuons.
2 2
Make a table comparing the required operations for the Gauss-Jordan and Gaussian elim-

ination methods fur 7 = 3, 10, 50, 100. Which method requires less computation?

Show that the LU Factorization Algorithm requires 1n* — 1z multiplications/divisions
and in® — $n? + Ln additions/subtractions.

Show that solving Ly = b, where L is a lower-triangular matrix with /;; = 1 for all i,
requires in? — }n multiplications/divisions and }n* — }n additions/subtractions.

Show that sclving Ax = b by first factoring A into A = LU and then solving Ly = b and
Ux = y requires the same number of operations as the Gaussian Elimination Algorithm

6.1,

Count the number of operations required to solve m linear systems Ax® = b® for
k =1....,m by first factoring A and then using the method of part (c) m times.
a 1 ©
A={p8 2 1
0o 1 2

Fmd all values of « and £ for which

a.
b.
C.
d

A is singular,

4 15 strictly diagonally dominant,
A is symmetric,

A 18 positive definite.

Chap 7: Iterative Techniques in Matrix Algebra



7.1

5. The following linear systems Ax = b have x as the actval sofution and X as an approximate
sotution, Compute ||x — X[} and || AX — b{|x.

1 1 |
a. §I|+§x2— -

1 Ly, — 1
3%+ 3% = g

x= (. -4),

x = {0.142, —0.166)".

7. Show by example that || - || g, defined by [[Allg = l‘:meul‘g |@i;|. does not define a matrix norm.
<i,j<n

13.  Prove thatif || - || is a vector norm on R*. then || A]| = maXy= [|Axi| is 4 matrix norm

7.2

3. Which of the matrices in Exercise 1 are convergent?

2 -1 [0 1
a [-1 2] b 1}
[0 1L S |
2
C. B 0] d. |2 _2]
(2 1 07 (-1 2 0
e. 1 2 0 f. 0 3 4
|0 0 3] | 0 0 7
(2 1 17 3 2 -1
e 2 3 2 h 1 -2 3
11 2] (2 0 4
7.3
13.  Show that if || - {| is any natural norm, then (1/{|A7Y|f) < |A| < ||A]| for any eigenvalue A of

the nonsingular matrix A.

10



7.4

1.

9.

Compute the condition aumbers of the fotlowing matrices relative to || - || .

[ %} [39 16]
a _ b, ) :
_% ] 68 2.9
c [ 2 q 1.003 58.09
T 1.00001 2 " 15550 3218
(1 -1 -1 0.04 001 =00t
e 6 1 -1 f. 02 05 —0.2
0 0 -1 1 2 4

Use four-digit rounding arithmetic to compute the inverse H ' of the 3 x 3 Hilbert matrix H,
and theu compute # = (fI~')7', Determine || — H{|s.

Chap 8: Approximation Theory

8.1

5.

8.2

Given the data;

x 40 42 4.5 4.7 5.1 55 5.9 6.3 6.8 7.1
y; 102.56 11318 130,11 14205 167.53 19514 22487 25673 299350 326.72

Construct the least squares polynomial of degree 1, and compute the error.

w

Construct the least squares polynomial of degree 2, and compute the error.

¥

Construct the least squares polynomial of degree 3, and compute the error.

o

Construct the least squares approximation of the form be**, and compute the error.

e

e. Construct the least squares approximation of the form bx7, and compute the error.

Find the lincar least squares polynomial approximation on the interval {—1, 1] for the follow-
g functions.

a. fx)=x-2x+3 b, f(x) =4
|
c. f{x)=x+2 d flx)=e
e. f(x)= %COSI + %sinlx f. fxy=hn(x+2)

11



11.  (lse the Gram-Schmidt procedure to calculate Ly, Lo, and Ls. where {Lg(x), L,(x), La(x),
La(x}} is an orthogonal set of pelynomzals on (0, o0} with respect to the weight functions
w(x) = e~ and Lo(x) = 1. The polynomials obtained from this procedure are called the
Laguerre polynumials.

8.3

3.  Use the zeros of T to construct an interpolating polynomial of degree 3 for the functions in
Exercise |.

1. Use the zeros of Ty to construct an interpolating polynomial of degree 2 for the following
functions on the interval [—1, 1].
a. f(o=e b, f(x) =sinx
¢ fx)=In(x+2) d  Ffx)==x1

7. Find the sixth Maclaurin polynomial for sinx, and use Chebyshev economization to obtain a
lesser-degree polynomial approximation while keeping the error less than 0.G1 on [— 1, 1].

9, Show that for each Chebyshev polynomial 7, (x), we have

f' [T.(x)P dr ==
g T=x 2

Chap 9: Approximating Eigenvalues
Jc

12
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